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ABSTRACT 


Bistatlc  scattering  cross  sections  of  a  thin,  perfectly 
conducting  cylinder  are  developed  using  the  variational  method.  This 
method  was  used  by  Tal^^^  for  obtaining  monostatic  (back  scatter)  radar 
cross  sections.  Resulting  expressions  are  developed  for  wires  of 
3/2  >,  Q  length  or  less,  where  k  q  is  the  free  space  wavelength.  The 
wires  are  assumed  to  be  in  air  or  vacuo. 

The  resulting  calculations  apply  to  the  case  where  the  incident 
electric  vector  lies  in  the  incident  plane  and  the  receiving  antenna  is 
polarized  parallel  to  the  scattering  plane, 

2 

Curves  are  plotted  for  f  j^^g/  X  ^  vs  Q  ^  where  <t  j^g  is  the 
nnonostatic  scattering  cross  section  in  the  same  units  as  X  q,  for 
various  values  of  2h/  ^  q  lu  the  range  0.  5  $  2h/  \  q  $  1,5  for  a  thickness 
parameter  St  ~  2  log^  2h/a  =  10  and  13.6.  The  wire  length  and  radius 
are  2h  and  a,  respectively.  6  q  is  the  angle  of  incidence  (and  back 
scattering)  with  respect  to  the  wire.  Results  for  monostatic  cross 

sections  agree  with  those  of  others  for  their  values  of  and  2h/X  . 

.1*^ 

For  blslatic  cross  sections  ®  j^g,  curves  are  given  for 

2 

CTj^s/  ^  o  9  ft  ■  range  0.  5$  2h/X  ^  $  1.5,  with  6  ^  as 

the  parameter,  o  is  the  scattering  or  reflection  angle  with  respect  to 
the  wire. 

The  curves  for  bistatic  scattering  show  aspect  and  frequency 
sensitivity.  Double  humps  or  lobes  are  generally  asymmetric  in  0  for 
given  values  of  0  and  particularly  for  wire  lengths  greater  than  0.  75  X 


Thus  "forward  scattering"  gives  larger  cross  sections  than  back 
scattering  under  certain  combinations  of  6  ^  and  2h/ 

If  the  incident  wave  from  a  transmitter  is  polarized  such  that 
4^  ^  is  the  polarizing  angle  of  the  incident  electric  vector  with  respect 

2 

to  the  plane  of  incidence,  the  curves  can  be  used  by  multiplying  °  ^  ^ 

by  co(i^  4/  If,  in  addition,  the  receiver  is  polarized  at  an  angle  ‘]i 

2 

with  respect  to  the  scattering  or  reflection  plane,  the  values  of  ^  ^ 

2  2 

should  be  multiplied  by  (cob  4'  ^  cos  -p  j^). 

Application  of  the  curves  of  o  /X  to  determination  of  total 
transmiflsion  losses  in  a  bisiatic  system  are  discussed,  with  a  sample 


calculation. 
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BloTATIC  CROSS  SECTIONS  OF  CYLINDRICAL  WIRES 


I.  INTRODUCTION 


For  a  certain  radio  echo  propagation  problem  it  was  required 
to  investigate  optimum  locations  of  a  transmitter  and  receiver  with 
respect  to  a  scattering  source  assumed  to  be  a  cylindrical  parasitic 
wire  of  length  less  than  a  couple ^f  wavelengths.  Of  particular  interest 
was  the  case  of  separated  transmitter  and  receiver,  giving  rise  to 
bistatic  scattering,  as  opposed  to  the  usual  radar  back  scatter,  or  mono¬ 
static  radar,  case.  The  problem  thus  in^l/es  the  determination  of 
the  scattering  cross  section  of  the  wire,  its  aspect  sensitivity  and 
frequency -dependence. 

For  radar  or  monostatic  back  scattering,  several  analytic 
methods  have  been  employed  to  determine  the  back  scatter  cross  section. 
These  Include  the  e.m.f.  method,  iteration  method,  and  use  of  the 
variational  principle.  The  methods  and  results  are  reviewed  in  texts 

(2)  (4) 

by  King  ,  Mentzer'  '  and  King  and  Wu  ,  with  references  to  the 
original  work.  For  convenience  we  shall  use  the  variational  principle 
as  applied  by  Tai^^^  for  back  scatter  cross  sections,  but  then  extend 
the  development  to  bistatic  arrangements. 

The  assumptions  regarding  the  scattering  model  used  here  for 
a  free  space  wavelength  X  are  that  the  cylindrical  wire  of  length  Zh 
and  radius  a  is  not  too  thick  and  can  be  described  by  a  thickness  para¬ 
meter  w  =  2  logg  2h/a,  that  2h/x  ^  (he  wire  has  infinite 


eoaduetlvity.  At  a  later  time  the  effect  of  finite  ebnduetivity  can  be 

determined  by  aasuming  that  such  effect  le  ascrlbable  to  an  internal 

bnpedanee>per-unit»length  term  included  in  the  expreseiona  for  current^ 

(5) 

as  was  done  by  Casaedy  and  Fainberg'  '  for  back  scatter  cross  sections. 
The  impedance  per  unit  length  depends  upon  conductivity  and  di¬ 
electric  constant  of  the  wire. 

In  Section  II  the  expressions  of  Tai^^^  using  the  variational 

principle  are  reviewed.  (Certain  typographical  errors  in  his  text  are 

mentioned,  the  details  being  delineated  in  the  Appendix. )  Computations 

using  the  corrected  expressions  were  made  for  monostatic  radar  cross 

2 

sections  for  ^  -  10  and  13.  6.  Curves  of  o'  /  \  ^  vs  8  ^  agree  with 

those  of  others^  for  given  values  of  2h/ X.  Additional 

values  of  cross  sections  are  also  plotted  for  other  values  of  2h/ X. 

In  Section  III  expressions  are  developed  for  bistatic  cross 

sections,  ^  gg.  Values  of  tr  gg  in  square  wavelengths  are  computed 

2 

for  r.  -  10.  Curves  are  plotted  showing  the  variation  of  o’  gg/X  ^ 
vs  scatter  (or  reflectioi^  angle  8  for  various  incident  angles  8  The 
polarizing  angle  4*  -p  the  incident  field ^from  a  transmitter  is  assumed 
zero,  i.  e.  the  Incident  field  lies  in  the  plane  containing  the  wire  and 
direction  of  wave  propagation  and  reflection.  Values  are  given  for 
2h/  X  p  =  0.  5,  0.  75,  1,0,  1. 25  and  1.  5.  Where  0  =  8  the  curves 
become  those  for  the  back  scattering  case  of  Section  II. 

Section  iV  contains  the  development  of  expressions  for  the 
current  distributions.  Curves  are  presented  in  normalized  form  for  the 


2 


eal«  of  Eh  s  X  It  aOU  3h  x  tn  an  attempt  to  mderatand  the  lobe 
o  o 

pheiiOiiiena  in  the  leattered  field*  by  tbe  "foreed"  and  "reeexxant" 

current  contributions  to  total  current. 

The  use  of  these  curves  can  be  extended  to  those  cases  when 

the  incident  electric  field  and  the  receiver  antenna  polarization  are 

not  parallel  to  the  incident  or  scattering  planes.  If  *1*  ^  is  the  angle  of 

incident  electric  vector  direction  (polarization)  with  respect  to  the 

■  2  2 

incident  planci  the  curves  for  o'  /  X  ^  should  be  multiplied  by  cos 
If,  additionally,  the  receiver  antenna  electric  polarization  is  described 
by  an  angle  4'  with  respect  to  the  scattering  plane,  then  the  values 
of  <r  /X  ^  should  be  multiplied  by  (cos^  4^  cos^  4^  j^). 

A  discussion  of  the  application  of  the  curves  of  t  \  ^  is 
contained  in  Section  V,  with  reference  to  total  transmission  losses  for 
bistatic  scattering  as  determined  from  the  transmission  equation. 


II,  MONOSTATIC  (RADAR)  CROSS  SECTIONS  - 
VARIATIONAL  EXPRESSIONS  OF  TAI 


Conaider  a  wave  incident  upon  a  cylindrical  wire  of  length  Zh, 
radiua  at  auch  that  ^  s  2  log^  2h/ a  and  the  geometry  of  the  situation  ia 
aa  in  Figure  1.  The  angle  of  incidence  ia  6  ^  measured  between  the 
wire-axia  (Z-axia)  and  the  direction  of  incidence.  The  incident  electric 
vector  Ej  ia  a  complex  vector  denoted  by  Ej  (tilde  represents  complex 
quantity,  bar  represents  vector  quantity).  This  vector  is  polarized  at 
an  angle  ']<  between  its  direction  in  space  and  the  plane  containing  the 
direction  of  incidence  and  wire  axis. 

For  the  radar  back  scattering  case,  the  scattered  field  component 
of  interest  is  that  scattered  back  along  the  direction  0  ^  towards  the  trans¬ 
mitter  and  received  by  a  receiver  located  coincident  with  the  transmitter. 

It  is  asBvimed  that  the  wire  is  in  tlie  far-field  of  the  transmitter  and  that 
the  receiver  antenna  is  in  the  far-field  of  that  scattered  by  the  wire. 

Hence  the  only  components  of  interest  are  those  perpendicular’to  the 
direction  of  propagation,  or  0  ^  components  in  Figure  1. 

I.et  Ej  be  the  magnitude  j  Ejj  ,  1.  e.  peak  value  in  time.  The 
current  induced  in  the  wire  is  then  proportional  to  Ej  cosi|J  sin  0  The 
development  from  here  follows  Tal^^^  The  first-order  trial  function  for 
the  distribution  of  the  current  I^  is  assumed  to  be  of  the  form: 

!(’’■)  =  +  Af,(z)]  (1) 
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where 


fg(z)  =  coe  P  qZ  cos  (  pjjh  cos  6  g)  -  cos  p  ^h  co8{  p^z  cos  e  J 
f^(z)  5  sin  p  ^z  sin  (  p  cos  8  q)  -  sin  p  8in(  p^z  cos  6  q) 

with 


(2) 


Po  =  2«/ 

and  where  and  A  are  constants.  (Tai  evaluates  A  and  we  shall  find 

it  useful  to  evaluate  to  obtain  "forced"  and  "resonant"  components  of 

I(z)  distribution. ) 

(1) 

Tai  obtains  the  back  scattering  cross  section  for  the  mono¬ 
static  radar  case  as 


6 


(i) 

The  constant  A  in  (1)  is  given  by  Tai  as 
SsYc 


A  = 


g-  Y 


(6) 


CIS 


and  S  becomes 


S  = 


2  2 

4  ia_ 
Yc  '  Y, 


(7) 


The  quantity  g  is  real,  g  imaginary,  and  y  and  Y  „  are  complex 
C  S  C  “ 

integrals: 

/.h 

8c  =  ®  o  / 

J-h 
•h 


j  p  z  cos 

f  (z)  e  °  dz  (8a) 

c 


g  =  S  sin  6 
“s  o  o 


j  p  ^Z  cos  e  ^ 
e  dz 


(8b) 


-h 


f^(z)  fp(z')  K  (z-z')  dz  dz' 


(8c) 


f  (z)  i  (z')  K  (z-z')  dz  dz' 


with  the  kernel  K  (z-z')  being  given  by 

1  8^ 

K(z-z')  =  p  Q  (1  +  ^  )  - - - 


(8d) 


o  '  ‘  p“^  h72 

K  =  [(z-z')^  +  a^] 


(9) 


The  evaluation  of  the  integrals  (8)  is  given  in  Appendix  A. 
Typographical  errors  in  the  printed  version  of  Tai's  paper  occur  in  his 


evaluation  ul  (db),  (8c)  and  (8d),  i.  e.  in  his  equations  (Appendix)  (3) 


in  which  a  "eos  x"  should  be  "sin  x",  his  equation  (6)  should  contain 
0 

a  term  "cos  qxL  (4x)"  and  his  equation  (7)  should  contain  a  term 
"sin^  qxL  (4x)".  The  symbols  are  explained  in  Appendix  A. 

With  these  corrections,  values  of  the  average  cross  section, 
given  by  (4),  were  computed  using  an  IBM  1620  computer  for  2h/a  =  900, 

0  =  13.6,  and  2h/ X.  ^  =  0.  5,  1.5  and  2.0.  (The  results  compare  almost 

•  ' 

exactly  with  Tal's  curves  Figures  2,  _3,  and  4,  so  that  his  results  are 

satisfactory  but  the  printed  equations  need  the  corrections  aforementioned.) 

2 

Curves  for  the  average  cross  section  (i,  e.  Tai's  (  0  )/  X  ) 

2 

MS<®  o^^  ^  o  ®  Q  for  0  =  13.6  (2h/a  =  900)  are  shown  in 
Figures  2,  3,  and  4  for  2h/  X,  ^  =  0.  5,  0.  75  and  1.  5  respectively; 

Figures  2  and  4  being  the  same  as  those  of  Tal^^^,  King^^\  King  and  Wu^^^ 
(3) 

and  Mentzer' 

For  a  thicker  antenna  for  which  2h/a  =  150,  =  10  similar  curves 

s 

are  given  in  Figures  5  through  for  Eh/  K  ^  =  0.  5,  0.  75,  0.  80,  0,  90, 

1.0,  and  1.25  respectively.  A  polar  plot  for  2h/\  ^  =  1.5  Is  shown  In 
Figure  11  for  =  13.6  corresponding  to  Figure  4. 

V 

TWe  small  Integral  values  chosen  (for  U  =  10)  between  2h/\,^  = 

0.  75  and  1.  25  were  an  attempt  to  depict  the  "double  hump"  development 
shown  previously  at  2h/\  ^  =  0.  10.  With  2h/\  a  single  broad  peak  Is 
noted.  At  2h/\  ^  =  0.  80  a  minor  double  hump  begins  to  appear,  being 
better  developed  at  0.90.  The  two  peaks  are  well  developed  in  the  case 

s 

2h/x  y  =  1.0,  but  a  minor  lobe  appears  at  broadside  (  0  ^  =  90*) 
incidence  In  Figure  9.  Assymetry  appears  in  the  major  lobes  at 
2h/ \  ^  =  1.  25  in  Figure  10.  The  lobes  appear  to  separate  further  as 
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FIGURE  2.  ANGULAR  DISTRIBUTION  OF  BACK  SCATTER  CROSS-SECTlOtfl 


FIGURE  3.  ANGULAR  DISTRI 
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FIGURE  4.  ANGULAR  DISTRIBUTION  OF  BACK  SCATTER  CROSS-SECTION 


FIGURE  5.  ANGULAR  DISTRIBUTION  OF  BACK  SCATTER  CROSS 
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FIGURE  6.  ANGULAR  DISTRIBUTION  OF  BACK  SCATTER  CROSS-SECTIOM 
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FIGURE  7  ANGULAR  DISTRIBUTION  OF  BACK  SCATTER  CROSS-SEGTlON 


FIGURE  8.  ANGULAR  DISTRIBUTION  OF  BACK  SCATTER  CROSS -SfCtlDM 


FIGURE  9.  ANGULAR  DISTRIBUTION  OF  BACK  SCATTER  CROSS -SECTION 
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FIGURE  10.  ANGULAR  DISTRIBUTION  OF  BACK  SCATTER  CROSS-SECTION 
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FIGURE  II.  POLAR  PLOT  OF  BACK  SCATTER 


Zh/k  ^  Increaaes  from  0,75  to  1,25.  Apparently  the  "forced"  term 

and  "resonant"  term  In  the  current  are  playing  relatively  different  rol 

(2) 

as  mentioned  by  King  .  A  center-driven  antenna  2h/\  ^  =  1  has  one 
major  lobe,  a  parasitic  scatterer  hae  two  lobes  as  in  Figure  9. 

The  plots  given  in  the  above  figures  are  by  way  of  checking 
the  expressions  we  use  with  those  presented  by  others  plus  additional 
values  of  cross  sections  for  different  values  of  (X  .  The  development 
of  the  double-lobe  Is  also  depicted.  These  curves  show  angular 
response  of  average  cross  sections  for  perfectly  conducting  parasitic 
scatterers,  2h/  \  ^  lyii>g  between  0.  5  and  2,  0. 

We  shall  now  develop  bistatic  cross  sections  for  the  case 
</  =  0  for  perfectly  conducting  wire  scatterers. 


HI.  BISTATIC  SCATTERING  CROSS  SECTIONS 


For  ocatterlng,  the  traaomltter  (eausiag  the  incident 

field  receiver  (detecting  the  scattered  field  Egc)  are 

separated  in  location.  Referring  to  Figure  12  we  shall  consider  the 
specialised  case  where  the  incident  field  E  lies  in  the  plane  of  incidence 
containing  the  wire  (Z-axis)  and  the  direction  of  incidence  (polarizing 
angle  ij;  =  0). 

The  incident  field  induces  a  current  I(z);  the  scattered  field 


vector  lies  in  the  scattering  plane  containing  the  direction  of  the  current 
I(z)  (assumed  to  be  the  same  as  the  wire  or  Z-axls)  and  the  direction  of 
propagation  of  the  scattered  wave. 

I{z)  is  due  to  E.,  the  amplitude  of  the  incident  field  and  is  given 
by  (1).  This  expression  contains  the  constant  A  which  is  given  by  (6). 

We  need  to  evaluate  in  (1).  This  is  done  as  follows.  We  start  with 
Tai's  expression  for  the  scattering  coefficient  5,  and  ultimately  given  by  (7), 


It  is 


■n  B  Sin  6  „  J, 

'  o  o  o  -h 


r 


4ir  Ej  cos  ijd 

2  f.  3P  o*  cos  ©  _ 

30  P  o  0  o  ^o  /  f^c  ^  '^^s’  * 


(10) 


dz 


cos 


and  upon  substituting  (2) 


S  =  30  a  I 
o  o 


8c  + ^8, 


Ej  cos  ip 


Putting  in  the  values  of  S  from  (7)  and  A  from  (6) 


O  C 


(11) 
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FIGURE  12.  GEOMETRY  OF  BISTATIC  SCATTERING  [E^nc  LIES  INI 

PLANE  OF  INCIDENCE) 
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Now  the  6  -component  of  the  scattered  field  E  In  the  direction  6  , 

9C 

in  the  far-field  at  a  distance  due  to  I(z),  is 


Egg  =  -j30(J  g  Bin  0 


“j  P 


o*'o 


I 


t 

/ 


J 

-h 


j  P  gZ  CO8  0 


dz 


(13) 


where  and  are  functions  of  the  incident  angle  0  g,  not  the 
scattering  angle  0. 

Ivet  us  write 


F  = 


1 

pgSin  e 


(G  +  AG  )  =  +  AF 

'  c  s'  c  s 


(14) 


where  G^  and  G^  are  integrals  similar  to  and  g^  integrals  of  Tai  but 
are  functions  of  both  0  ^  and  6  rather  than  0  ^  alone,  i.e. 


G  =  3  „  sin  0  F 

c  ^  o  c 

h 


G  =  Po  sin  e  F^ 


(15) 


^c  = 


f  f  e^  ^  ® 


dz 


-h 

i 


j  3  z  cos  0 
fgC  o  dz 


noting  that  A  is  not  a  function  of  z. 

We  now  define  a  bistatic  scattering  coefficient  ^  for  ij'  =  0 

BS 

in  a  fashion  similar  to  that  for  the  radar  monostatic  case,  or 


=  0)  =  4  e  R 
BS  o 


^  o 
e 


sc 


=  0 


’1 


where  the  bistatic  scattering  coefficient 

8c 


’1 


(G^  +  AGg) 


becomes 

8cCc 


gf  G, 


(16) 


(17) 


Zl 


W^en  0  =  0  ,  i,  e.  back  scattering  (radar)  G„  =  g_,  G_  =  g_  and 

O  ”  -  a  1}  -V 


’1 


=  |s|  in  (17). 

The  G-functiona  are  obtained  from  evaluating  the  F-lntegrals 

in  (6). 

We  use  some  abbreviations  (which  differ  a  bit  from  those  of 
Tai).  These  are 


q  =  P  Q*-®®  ®* 

q  =  a  ^  cos  e 

^  o  o 


x=ah  i!  =  flh  cos  0  =  X  cos  0 

o  *^0 

f,  =  0  h  cos  0  =  X  COB  9 

o  o  o 


Then 


f  =  cos  f,  -COS  p  z  —  COB  X  cos  f,  z 


f  =  sin  f,  sin  Q  z  —  sin  z  sin  /  z 
s  0*^0  ^  o 


(18) 


(19) 


and 


=  cos  I,  -  cos  X  L 


Jb  =  0^3  *  U- 


(20) 


The  values  of  the  various  integrals  above  are 


cos  PqZ  e  dz 


'-h 

h 


iqz 


=  I  COS  ze  dz 
<h 


iq» 


3  I  — •  Po*^ 

-h 


(21) 


-  j  sin  q^  ze’’^*  dz. 
-h 
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Making  ute  of  Pierce's  Table  of  integrals  (Nos.  414  and  415)  the  !•< 


integrals  may  be  evaluated. 

‘i — (• 

P^sin  0 


X  cos  i  "  COB  0  cos  X  sin  f. 


(22a) 


I,  =  f  cos  0  sin  t  cos  /-cosecos  i  sin/  ](22b) 

^  p  (co.^  -«o.2e  )  i  °  -  / 

O  o 


I,  =  j 


I.  =  j 


P  sin 
o 


^ -  ^cos  6  sin  X  cos  i  -  cos  x  sin 


(22c) 


.  s  J  2  - 

p  (cos^  e  -cos‘0  ) 


cos6  sin  f,  cos  f,-  cos0  cos  i  s 


o  "o 


iln  ^ 


The  integrals  in  (22)  are  thus  functions  of  6  t  0  ^  p  ^h,  but 

not  the  thickness  parameter  i'  .  Evaluating  (22)  for  a  set  of  values  of  0  , 

0  and  X,  the  results  are  then  substituted  in  (20)  to  obtain  F  and  F_  and 
o  .  ^  * 

ultimately  and  in  (15).  ^In  a  computation  routine,  the  values  of  (22) 
are  multiplied  by  P^  sin  0  ,  yielding  immediately  useful  values  for  the 
Gj.  and  G^  integrals.j 

A  set  of  values  of  gs(<)j=  0)  were  calculated  and  plotted  as  a 
function  of  the  scattering  angle  0  for  various  values  of  0  ^  as  a  parameter. 
The  thickness  parameter  was  chosen  as  10  corresponding  to  2h/a  =  150. 
The  figures  correspond  to  increasing  values  of  2h/  ^  as  follows; 


Figure  1  3 

2h  =  ^ 

X  =  p  oh  = 

Figure  14 

2h  =  ^  X  o 

X  =  0.  75ir 

Figure  13 

2h  = 

X  =  1.  Ox 
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e  (IN  DEGREES) 

FIGURE  13.  BISTATIC  SCATTERING  CROSS  SECTION  VS  SCATTERING  ANGLE 


FIGURE  16.  BISTATIC.  SCATTERING  CROSS  SECTION  VS  SCATTERING  ANGIjE 


X  =  1.  26  ir 


Figure  16  2h  s  ••I*  X 

4  o 

Figure  17  2h  =  \  ^  ,  x  s  1 . 5  ir 

t 

The  curves  of  are  normalized  in  square  wavelengths  and 

apply  for  4'  =  0.  (These  are  not  the  average  values  over  all  values  of  t{r 

used  in  back  scatter  cross  sections  of  the  previous  Section. ) 

2 

Of  interest  is  the  asymmetry  of  tr  ^g/  \  ^  (ijj  =  0)  with  9  at 

certain  lengths  and  incident  angles.  For  2h  =  the  curves  are 

reasonably  symmetrical  about  6  =90°  (broadside).  However,  those 
2h 

for  — -  =  0.75  begin  to  show  the  asymmetry,  in  that  decreasing  9 
\o 

below  90°  towards  smaller  values  shifts  the  maximuxn  at  values  of  0  at 
angles  correspondingly  less  than  90°.  A  fuller  development  is  shown  in 
Figure  15  for  4^1  =1.0.  Consider  here  the  curve  for  0  =  50°.  A 

lesser  maximum  occurs  in  th^  polar  diagram  at  0  =  50*  than  av  6  =  123°. 

,  When  0  o  =  130°  (180°  -50°),  the  larger  maximum  occurs  at  57°  (  180°  - 
123°)  than  at  9  =130’  (180°  -  50”).  It  appears  that  the  asymmetrical 
curve  for  9  ^  =  K  has  as  a  mirror  image  with  varying  0  the  curve  for 

0  g  =  180°  -K.  • 

Thus  for  certain  angles,  the  cross  section  is  larger  in  the  "forwaid 

scatter"  region  than  for  "back  scatter.  "  Consider  Figure  15  again.  If 

2 

0  =  50  '  and  9=50°  (back  scatter),  o  nc/  X  =0.  66;  but  at  9  =  123", 

o  iJO  o 

u  gg/  X  =  1.  06,  a  ratio  of  1,61  or  2  db.  This  does  not  always  hold  true; 

for  example,  at  0  ^  =  90’  there  is  only  one  maximum  and  reception  at 

,  2 

angles  0  greater  or  less  than  90°  gives  smaller  values  of  o  ^g/  X  ^  . 


30 


Value!  of  V  35/  X  monoetatlc  (radar)  and  blatatic  scattering  are 


shown  below  for  a  few  values  of  8  »  2h/  X  ^  =  1, 0,  si  =  10. 


There  appears  to  be  an  advantage  for  reception  other  than  at 
back  scatter  angles  for  double  hutnp  polar  diagrams.  The  advantage  may 
be  at  angles  closer  to  the  wire  than  9  ^  {viz.  0  ^  =  70',  with  0-  0  |  •  ‘'O', 
there  is  a  2,  9  db  advantage  over  that  at  0  =  8  ^  70*);  the  greater 

advantage  Is  usually  *1  the  second  maximum  6  =  0  2  ®  increases  from 

0  to  180*. 

In  the  case  of  2h/X  =  0.  75  (Figure  14),  exhibiting  a  single  lobe, 

O  -  *'■  ■ 

the  advantage  is  only  slight  for  scattering  on  the  maxima  vs  back 
scattering  until  very  small  values  of  9  are  employed. 


31 


IV.  THE  CURRENT  DISTRIBUTION  1(a) 


A  clue  to  the  behavior  of  multi-lobed  scattering  polar  diagrams, 
particularly  for  2h  >  X^/2,  can  be  found  in  an  examination  of  the  current 
distributions. 

The  current  distribution,  assumed  axial,  is  given  by  (1) 


I(z)  =  [f^(z)  +  Afg(z)] 

where  f  (z)  and  f  (z)  are  given  by  (2). 

C  8 

The  constant  A  is  given  by  equation  (6)  as 


(1) 


A  = 


*8  Yc 


(6) 


Sc  Ys 

with  the  integrals  g^,  g^,  Y^,  and  Y  ^  defined  by  8(a),  (b),  (c)  and  (d) 
and  evaluated  in  the  Appendix.  The  t  imstant  1^,  is  given  by  (12)  as 


1 


g  , 


30  Po  Ye 


E.  cos 


:i2) 


where  P  -  Z  ti  /  \  ,  E.  is  the  amplitude  of  the  incident  wave  and  di 

o  o  i  ^ 

•  • 

the  polarization  angle  (Figure  1). 

Substituting  (12)  and  (6)  in  (1),  we  may  obtain  a  normalized 
current  distribution  which  we  call  I,  viz. 


I  = 


I(z)  30  p 


E.  cos 

i  ^ 


2—  =  Is-  [le(z)  + 

V  c 


(23) 


^  f  (z)  +  -t-  f  (z) 
Y  c  Y  " 
c  8 


which  we  may  write  in  polar  form 

I  H  M  ej  ®I 


(24) 


3Z 


II 

1  I  and  6  j  were  made  for  H  s  10  and  for  2h  s  ' 
(x  s  V  /  2)  and  2h  s  X  ^(x  or  ),  to  Illustrate  the  behavior  of  I, 


The  variations  of 


and  6  j  vs  z/h  for  2h  =  x  ^/2  (x  s  it  /2)  are 


for 


shown  in  Figures  18  and  19  respectively.  The  variations  ofj 
2h  =  X^(x  =  IT  )  vs  z/h  are  shown  in  Figures  20(a)  and  and  the  phase 
angle  9  ^  in  Figures  21(a)  and  (b). 

Regarding  the  case  2h  =  \  q/2,  a  single  maximum  occurs  in  I 

Figure  18,  for  all  values  of  0  The  phase  angle  variations,  all  in  the 

s 

fourth  quadrant,  indicate  a  single  peak  in  the  scattered  field  with  asymmetry 
due  to  0  j,  • 


For  2h  =  Xq(x  =  it),  there  are  principally  two  maxima  in 


,  and 


these  are  asymmetrical.  The  phase  angles  shift  from  the  third  quadrant 
-1  $  z/h  <0  to  the  first  quadrant  for  z/h  >0.  When  0^=  90*  (broadside 

incidence),  the  single  broad  peak  with  a  constant  9  .  indicates  a  small 

^  • 

single  peak  in  the  scattered  field. 

The  current  distribution  (23)  can  be  considered  due  to  a  "forced" 

(2) 

component  and  a  "resonant"  component,  as  suggested  by  King'  '  (Chapter  IV). 
The  "forced"  terms  contain  trigonometric  terms  in  P  ^  cos  0  ^z,  whence 
they  depend  upon  the  phase  of  the  electric  field  along  the  wire.  The  other 


"resonant"  terms  depend  upon  P  z  only. 


We  write 


where 


r_8c 

'  ■  L  Y. 


I  =  I,,  +  It, 
F  R 


z  I',g 

cos  X  cos  (x  cos  0  -r-  )  +  sin  x  sin  (x  cos  9 

c  °  ^  Ys 


of  >] 


(25) 
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FIGURE  19.  DISTRIBUTION  OF  CURRENT  1=  I  e 
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FIGURE  20a,  DISTRIBUTION  OF  CURRENT 
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FIGURE  20b.  DISTRIBUTION  OF  CURRENT 


082 


FIGURE  2la.  DISTRIBUTION  OF  CURRENT 


FIGURE  2Ib.  DISTRIBUTION  OF  CURRENT  I 


=  +  [.Se*  cos  (x  cos  0  )  cos  (x  )  +  —2-  Bin  (x  cos  0  sla  (x  ) 
L  Y  c  °  Ys 


where 


X  cos  e 


O  h 


a  Z  COB  6  . 

o 


We  find  that  at  broadside  incidence)  6  q  ~  90”,  the  contribution 
of  to  the  total  current  is  100%  (Ip  =  0)  when  2h  =  \  ^/Z  (x  =  x  /2)  but 


is  50%  when  2h  =  X  ^(x  =  ir  )  and  z/h  =  0. 


Plots  of  hp  = 


*F 


jj  Sp 


and  1 


R 


“■R 


j  0 

R  are  shown,  for 


2h  =  X  ^/2,  in  Figures  22  and  ^  for  1^  and  Figures  24  and  ^  for 
These  curves  illustrate  the  relative  effects  of  Ip  and  Ij^  by  comparison 


with  the  total  current  I  (Figures  18  and  1 9). 


(26) 
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FIGURE  22.  DISTRIBUTION  0F“F0RCED  COMPONENT  OF  CURRENT 
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V.  APPLICATION  VIA  TRANSMISSION  EQUATION 
TO  TRANSMISSION  LOSSES 


For  bistatic  cross  section  model  measurements  or  in  a  system, 
an  estimate  of  required  receiver  sensitivity  can  be  obtained  or  an  estimate 
of  cross  section  calculated  from  the  transmission  equation, 

A  transmitter  with  average  power  P,^  feeds  a  loss-less  antenna 
of  gain  located  a  distance  R^  from  the  wire.  A  receiver  is  located  a 
distance  Rp^  from  the  wire  and  has  a  loss -less  antenna  of  gain  Gp,  The 
gains  G  takes  into  account  the  polar  diagrams  of  the  antennas  and  are 
the  values  of  gain  in  the  direction  of  the  wire.  It  is  assumed  that  electric 
vector  polarization  of  the  transmitter  is  parallel  to  the  incident  plane, 
so  that  the  incident  polarization  angle  4*  ip  ~  Similarly,  it  is  assumed 
that  receiver  polarization  is  parallel  to  the  scattering  or  reflection  plane 
containing  the  wire  so  that  4*  =  0.  The  appropriate  value  of  cross 

section  to  be  used  BS<®o'e  )  of  the  previous  Section. 

The  received  power  will  then  be 

Pp  =  - Grj.  - 2-y-  (27) 

4»Rt  4  w  Rp  4ir 


assuming  that  the  load  impedance  of  the  receiver  input  is  matched  to  the 
receiver  antenna  impedance.  Writing  losses  as  quantities  such  that  losses 
in  decibels  will  be  positive,  the  total  system  loss  is 


L 


T 


1  1 
("/O  4irG^Gp 


(28a) 


1 

CrCp 


(2Bb) 


=  (L  )  (L  )„  L 
o't  '  o'R  sc 
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Equations  (28a  and  28b)  are  written  in  the  form  to  allow  vise  of  the 
curves  for  cr/x^  i  where  the  free  space  losses 


and  the  "scattering  loss"  is 


L 


sc 


1 

(4ir(r/^g^) 


(30) 


In  decibels 

L^(db)  =  Lq  (db)  +  (db)  +  L^^(db)  -  G,j,(db)  -  G^(db)  (31) 
T  R 

where  the  free  space  losses,  in  decibels,  are  given  by 
L^(db)  =  36.56  +  20  log2QR(mile8)  +  20  log^Qf(mc/8) 

=  -  23.43  +  20  log2QR(milc8)  +  20  log2Q^(kc/s) 

-  -  27.56  +  20  log 2Q^(meter8)  +  20  log2Q^(mc/ s) 

=  -  87.56  +  20  log  2Q^(meter8)  +  20  logjQf(kc/s)  (32) 


and  the  "scattering  loss"  in  decibels  is 


Lgc(db)  =  -10  logjQ  (  ■Sr72' 


(33) 


The  gains  G.^(db)  and  G  (db)  arc  the  antenna  gains  in  decibels  in  the 
•I*  R 

direction  of  the  wire. 
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Putting  (33)  and  (iZ)  into  (31)  and  using  distances  R  in  miles 
and  frequencies  in  kc/s,  (31)  becomes 

L^(db)  =  -57.85  +  20  logjQ  R.j,(miles)  f  20  log^Q  Rj^lmiles) 


+  40  logjQf(kc)  -  G^(db)  -  Cj^(db)  -  10  logjQ 


(34) 


As  a  special  case,  if  R.p  =  =  R  and  G.^,  =  G^^  =  G 


L.j.(db)  =  -57.85  +  40  logjo^  (miles)  +  40  log  f(kc)  -  2G(db)  -  10  log^^  ^ 


Prom  (34),  if  distances,  frequencies,  antenna  gains  and  are  known  total 
loss  can  be  computed  which  will  give  the  required  transmitter  power  for 
a  given  receiver  power,  by  virtue  of  (28a),  i.  e. 


P,j,  (dbw)  -  (dbw)  t  t..j.(db) 


(35) 


Conversely,  if  P,^,  and  Pj^  arc  known  so  that  L.^,  in  known,  and 
other  ijaraineters  are  known, .  then  l.^^,(db)  can  be  computed,  viz  (eiquation  (34)) 

;  L.j.(db)  -t  46.86  -  20  logjQ  K-j'(mile8) 
o 

-  20  log  Kj^(nnle8)  -  40  logjQi  (kc)  +  G,|.(db)  +  Gj^{db)  (36) 

finally,  the  above  has  assumed  that  polarization  angles  >1^  =  0 

-  i},  F'or  no.n-zero  values  of  ;)«  ,  the  received  power  in  (27)  will  decrease, 

and  (27)  must  be  mviltiplied  by  cos*"  i|<  ,j,  cos^  ij;  The  total  losses  in  (28) 

will  increase  by  1 /{cos^ 'I' ,j.  cos^  iji  j^),  or  the  loss  L.p(db)  in  (31)  et  seq. 
will  increase  by  a  polarization  loss  Lp(db)  given  by 


L^c(db)  =  -10  log 


10 


(t^) 


Consequently  (31)  is  modified  to  take  account  of  Lp  and 
L^(db)  =  Lo^(db)  +  Loj^(db)  ■»  Lscldb)  f  Lp(db)  -  GR(db)  -  GT^(db)  (38) 

where  Lo(db)  is  given  by  (32),  Lgj.(db)  by  (23)  and  Lp(db)  by  (37). 

As  an  example  consider 

f  =  100  kc  miles  4i  .j.  =  60 "  =  ip 

4^  =  1.0  e  =  60“ 

/‘■o  o 

fi  10.0  e  =  123' 

G.p  =  Gj^  =  2.  15  db 

From  (32)  L  (db)  =  L  (db)  =  -23.  43  +  53.  <5^  +  40.  00  =  60.  55  db.  From 
°T  °R 

Figure  15,  for  6  ^  =  60',  6  =  123',  o'  /  X  =  1.  14  and  Lg^.  -11.  56  db. 

From  (37)  Lp  =  -20  (-.60206)  =  12.04  db.  Hence,  using  (38) 

L.r.(db)  •  121.  10  -  11.  56  4  12.  04  -  4.  30  -  1  17.  28  db 

Hence  a  10-watt  transmitter  (Pq.  =  10  dbw)  ould  produce  a  received  signal 
(matched  receiver)  of  10- 1  17.  28  •-  -  107.  28  dbw  or  1. 871  x  lo'  ^  ^  watts, 
a  receiver  resistance  of  50  ohms  the  input  voltage  would  be  -107,  28 
4  16,  ,99  =  -90.  29  db  with  respect  to  one  volt  or  29.  7  1  db  above  one  micro¬ 
volt  oi',  about  30.6  microvolts. 


48 


VI.  REFERENCES 


1.  Tai,  C.  T.  ''Radar  Response  from  Thin  Wires,"  Stanford  Research 
Institute  Report,  Technical  Rept.  No,  18,  March  195  i. 

2.  King,  R.W.P. ,  "Linear  Antennas,  "  Chap.  IV,  Harvard  U.  Press, 
Cambridge,  Mass.  {1956). 

3.  Mentaer,  J.K.,  "Scattering  and  Diffraction  of  Radio  Waves," 
Pergamon  Press,  (lbS5). 

4.  King,  K.  W.  P.  and  T.  T.  Wu,  "The  Scattering  and  Diffraction  of 
Radio  Waves,  "  Harvard  U.  Press,  Cambridge,  Mass.  (1959). 

5.  Cassedy,  E.S,,  and  J.  Fainberg  ’’Back  Scattering  Cross  Sections  of 
Cylindrical  Wires,  "  Trans.  I.K.L.,  PC.\P,  .Ian.  IbbO. 


49 


APPENDIX  A 


EVALUATION  OF  INTEGRALS  USED  IN  SCATTERING  COEFFICIENTS 


A- 1.  INTRODUCTION 


The  purpose  of  this  Appendix  is  to  correct  certain  typographical 
errors  in  the  evaluation  of  certain  integrals  employed  in  the  variational 
method  of  Tai^^\  We  shall  employ  here  the  notation  of  Tai.  Let 


k  =  2tt  /  X 

x=ki  =  2  tri/X 

q  :  COB  6 


6  =  angle  of  incidence  onto  wire 
/  =  half  length  of  wire 
X  =  free  space  wavelength 


A-II.  THE  INTEGRAL  g^ 


g^  =  k  Bin  e  J  i^{z) 
-f. 


jkz  cos  0 


dz 


(1-1) 


Using  simple  trigonometric  identities,  it  can  be  shown  that 

4q  cos  qx  sin  x-(l  4  q  )  sin  2qx  cos  x  -  2q  (l-q**)  x  cos  x 


(1-2) 


This  is  identical  with  Appendix  A(2)  of  Tai^^\ 


A-III.  THE  INTEGRAL  g 


5  k  slnO  J  ®  (j2  ([. 

_  .  4q  sin^  qa  cos  z-(l+q^)  sin  2qx  sin  x  +  2q  (1-q^)  x  sin  x 

This  differs  from  Appendix A(3)  of  Tai^^'  in  the  very  last  term  of  the 
numerator,  where  we  find  "sin  x”  instead  of  his  "cos  x.  " 

In  the  above 

f^(z)  =  cos  qk  /  cos  kz  -  cos  qk?,  cos  k  ii  1 


f  (z)  =  sin  qk  f,  sin  kz  -  sin  qkz  sin  k  P. 


I,  =Io  ^Af^lz)] 


is  the  trial  current  distribution,  A  and  I  being  constants, 

o  ” 


5J 


A- IV.  THE  INTEGRAL 
c 


Yg  =  j  J  j  '  K  (a-a')  da  da' 

-  mmt 


(1-7) 


where  the  kernel  is 


,  a  2  -jkR 

K(a-a')  =  k[  1  +  -i - - 


k2  8*2 


and 


R  =  [{z-z')^  +  a^'] 

Storer*  has  shown  how  integrals  of  this  type  may  be  evaluated  by 
changing  variable.  The  result  is 

=  cos^  X  ^-1  +  cos  2x  cos  2c|<+  q  sin  2x  sin  2qx  -  j  (sin  2x  cos  2qx 
-  q  cos  2x  sin  2qx)j  -  cos^  x  cos  2qx  ‘f  sin  2x  sin  2qxj 

2 

^  L(1  +  q)  2x  -  L(l-q)  2xj  +  j  |cos^x^  ^^2"'  2qx  +  (1-q^)  xj 
-  cos**  qx  sin  2x|  ^  log^  4  ♦  -  L(l+q)  2x  -L(l-q)  2xJ 


+  cos  qx  L  (4x) 


(1-8) 


Storer,  J.E.  "Variational  Solution  to  the  Problem  of  the  Cylindrical 
Antenna,"  Doctoral  Thesis,  Harvard  Unlv. ,  (1951). 
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A-V.  THE  Y  ^  INTEGRAL 


We  have 

ft. 

Y,  =  j  J  J  f^(a)  £,(»')  K  (a-*')  ds  da'  (1-9) 

«■  t  m.t 

and  in  a  fashion  like  that  for  Y  (.•  integral  becomes 

Yfl  “  X  -1  +  cos  2x  cos  2qx  +  q  sin  2x  sin  2qx 

-j(  sin  2x  cos  2qx  -  q  cos  2x  sin  2qx)j  f  ~  ^  sin^x  cos  2qx 

-  sin  2x  sin  2qxj  [l  (Uq)  2x  -  L(l-q)  2x]  (I- JO) 

+  j|  -sln^x  *  *^1  ■  sin  2qx  -(1-q^)  xj  +  sln^  qx  sin  2xJ 

q 

4  -t  fl  •  L(ln|)  2x  •  L(l-q)  2x|  i  sln^  qxl.  (4x) 

In  the  Y  "l^ntegrats  abovci  the  nvsluntlons  assums  that  ths  wtrs  Is 
thlni  1.  e,  t  >>  a,  The  l.-ittnctiuns  are  tabulaterl  (uni'tlunSi  given  by  stne 
and  coslno  integrals. 

(Ill) 

.  (  I  q)2|i  ,  -Ju 

L(1  ♦  q)  2p  -  I  a.Z—m  (III  .  (;ti)  (I  «  q)  /p  t  |N|  (I  •  q)  /|i 

'o  “ 

The  y ^ •  integrals  (!*8)  (Jlffei  from  that  of  A|i|ienilte  A(fi)  l  al 

j 

in  that  a  term  cos  qx  L(4x)  was  uniltted  frulii  the  (aitai ,  hlmllstlv  in 
th«:  Y,'‘I*'£*I'‘*I  (I- ID)*  a  term  sln^qxl.(4M)  was  uii>Mle>l  I  mih  lai's  eit 
pr(;asion  in  his  Appendix  A{7). 

With  the  above  correctiunst  the  expressions  in  the  text  fnt  , 

K  ,  Y  Y  were  used  with  the  evaluations  of  (L^)!  (I'4)f  (i^h)  '«nH 

sc  t 


(I-IO). 


ULASSIFIE 


